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Logistics

1.1

Problem Sets 2 and 3

Problem sets 2 and 3 will be graded this week. You can pick them up in my office hours on Thursday, and
I will bring them to class next week. I will also post solutions for those problem sets this week.
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Concepts

2.1

Correlated Equilibrium

We noted in lecture that Nash equilibrium is a convincing solution concept at least partly because it is
self-enforcing, in the sense that deviations cannot benefit you if all of your opponents are following the
agreement. Yet this property is not unique to NE, and in fact can be found to hold in a much broader set
of outcomes if we allow for players to condition on random events. These outcomes, if they have have same
self-enforcing attribute, are know as correlated equilibria.
Definition 1. Consider a finite game (S, g). A probability density δ over S is a correlated equilibrium
(CE) iff for all i ∈ and for all si played with strictly positive probability
ES−i [g(s0i , s−i )|si , δ].
si ∈ arg max
0
si ∈Si

That is, si must be a best response to the distribution of outcomes implied by all players following δ
and player i playing si . This may seem a bit circular, but you can think of the logic in the following way:
Players agree to coordinate their actions on some publicly observable random event, which implies the joint
distribution of outcomes δ. Suppose that player i has agreed to play si in a given state or states of the world.
In this case, the possible outcomes are now distributed conditional on si and δ, since her signal that she is
supposed to play si has given her some information about the state of the world. (She might know the exact
outcome with certainty, or she may just have a distribution over some subset of the outcomes.) She then
considers all possible deviations, i.e. maximizes over the s0i ’s. Essentially, in any state of the world where i
finds herself having agreed to play si , that strategy had better be a best response given i’s knowledge about
the state.1
Note that in MSNE, any mixtures had to be independent. Yet in a CE, the mixtures of players can be
dependent, since the are conditioned on a publicly observable random event. This is what allows us to reach
equilibrium payoffs outside the convex hull of the possible NE payoffs.
1 For

more discussion about this interpretation of CE, see Osbourne and Rubinstein.

1

2.1.1

Finding Correlated Equilibria

There is a nice trick for quickly verifying that a distribution δ is a CE. Consider all possible pairs (si , s0i ) ∈
Si × Si . Draw a matrix where the rows are labelled by si and the columns by s0i (so the matrix is Ki by Ki ).
In each cell, put down the value of ES−i [g(s0i , s−i )|si , δ]. Then for each row, circle the maximum payoff in
that row. If all the payoffs along the diagonal are circled, then player i’s strategies could be part of a CE.
If we verify this diagonal property for each player, then we know δ is a CE.2 We can see this at work in the
example from lecture.
Example 1. Consider the game in Figure 1. Consider the distribution δ such that P ((A, a)) = γ, P ((A, b)) =
P ((B, a)) = 1−γ
2 , and P (B, b) = 0. For what values of γ is this a CE?

A
B

a
b
(9, 9) (6, 10)
(10, 6) (0, 0)

Figure 1: The normal form of the game in Example 1.
We begin by construction the CE confirmation matrix as I described in the previous section. Without
loss of generality, we consider 1’s possible strategies, si ∈ {A, B}. We need to then calculate the four entries
of the matrix; that is, the four values of ES2 [g(s01 , s2 )|s1 , δ] for each pair (s01 , s1 ):
• (s01 , s1 ) = (A, A): ES2 [g(A, s2 )|A, δ] =

2γ
1+γ 9

• (s01 , s1 ) = (B, A): ES2 [g(B, s2 )|A, δ] =

2γ
1+γ 10

+

1−γ
1+γ 6

=

1−γ
1+γ 0

+

12γ+6
1+γ .

=

20γ
1+γ .

• (s01 , s1 ) = (A, B): ES2 [g(A, s2 )|B, δ] = 9.
• (s01 , s1 ) = (B, B): ES2 [g(B, s2 )|B, δ] = 10.
1+γ
To calculate the first entry, for example, we noted that 1 plays A with probability γ + 1−γ
2 = 2 . Thus, given
γ
2γ
1 is playing A, the outcome is (A, a) with probability 1+γ
= 1+γ
, and the outcome is (A, b) with probability
1−γ
2 1+γ
2

=

1−γ
1+γ .

2

These calculations allow us to fill in the matrix as in Figure 2. Clearly the maximum in the

A
B

A

B

12γ+6
1+γ

20γ
1+γ

9

10

Figure 2: The CE confirmation matrix for player 1 in the game in Example 1.
second row is along the diagonal. The maximum in the first row will be on the diagonal as long as γ ≤ 34 .
The case for player 2 is symmetric, so we can conclude that the given distribution δ is a CE if γ ≤ 34 .

2.2

Games of Incomplete Information: Bayesian Nash Equilibrium

Recall that a game is said to have incomplete information if some players do not know the payoffs of the
other players with certainty. Analyzing such a game could in theory be very difficult, as we would have to
reason about each player’s beliefs about the others’ payoffs, and the others’ beliefs about those beliefs, and
so on.
2 Note that technically we only need to consider rows that correspond to strategies that player i actually might play according
to δ.
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However, Harsanyi recognized that we already have the machinery to solve this problem, however, if
we interpret this uncertainty about payoffs as uncertainty about histories. That is, we can interpret any
game of incomplete information as one of imperfect information, in which nature selects some “types” for
the players, and players observe their own types but not the types of others. We already have the tools to
analyze such games of imperfect information.
Formally, we have a Bayesian game (S, g, Θ, F ), where the components are defined as follows:
• S = {Si }Ii=1 is the strategy profile set.
• Each player has a type θi ∈ Θi . Let Θ = Θ1 × . . . × ΘI .
• The types are jointly distributed according to CDF F (θ).
• Payoffs for player i depend on i’s type: g = (g1 (s, θi ), . . . , gI (s, θi )).
We can then define an extended game (Σ, u) as follows:
• A pure strategy for player i is a function σi : θi → si for θi ∈ Θi and si ∈ Si . Let σ = (σ1 , . . . , σI ) ∈ Σ.
So Σi , i’s strategy set, is all possible mappings from types to strategies.
• Let u(σ) = (u1 (σ), . . . , uI (σ)), where ui = Eθ [gi (σ1 (θ1 ), . . . , σI (θI ), θi )] is i’s expected payoff given
strategy profile σ.
Definition 2. A pure strategy Bayesian Nash equilibrium (BNE) of the Bayesian game (S, g, Θ, F ) is
a pure strategy Nash equilibrium of the extended game (Σ, u). That is, a BNE is a strategy profile σ ∗ such
∗
∗
that ui (σi∗ , σ−i
) ≥ ui (σi , σ−i
) for all σi ∈ Σi and all i ∈ I.
Formally, we are modeling the decision process as follows: The agents pick a strategy that determines what
they will do for each possible type they could draw. Then types are drawn by nature and the corresponding
strategies executed.
However, there is another way to think about such games: Each type of a particular player is in fact a
separate player. All of these players pick their strategy, and then nature randomly chooses which players
will actually get to participate. Those players’ strategies are then implemented. This leads to an alternative
definition of a BNE:
Definition 3. A collection of decision rules σ = (σ1 , . . . , σI ) is pure strategy Bayesian Nash equilibrium
of the Bayesian game (S, g, Θ, F ) iff for all i ∈ I and for all θi ∈ Θi occurring with positive probability, we
have
σ(θi ) ∈ arg max Eθ−i [gi (si , σ−i (θ−i ), θi )|θi ].
si ∈Si

That is, given our second interpretation, each player who has a positive chance of entering the game is
choosing her best (pure strategy) response.
2.2.1

Finding Bayesian Nash Equilibria

The first definition of a BNE suggests an exceedingly simple way to deal with games of incomplete information:
1. Write down the extended game in normal for if possible. Drawing the extensive form is usually helpful
here.
2. Find the NE of this extended game using the methods of the previous section of this course. That’s it!
This method is the best way to go for games with finite strategies, where the extensive and normal forms
are easy to write down.
The second definition suggests another way to find BNE, which is preferred if we are dealing with infinite
strategies and/or infinite types.
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1. Propose a BNE set of decision rules (σ1 (θ1 ), . . . , σI (θI )).
2. Write down a general formula for Eθ−i [gi (si , σ−i (θ−i ), θi )|θi ]; that is, write down an expression for i’s
expected payoffs from some pure strategy si given the other players are playing according to σ.
3. Maximize this expression to find player i’s best response function, and confirm that it is the proposed
decision rule.
4. Repeat for all players if necessary.

Example 2. Let’s see both of these approaches at work in an example from the notes. Consider the game
of incomplete information Friend or Foe, shown in Figure 3.

H
T

h
t
(3, 1) (0, 0)
(2, 1) (1, 0)
Friend

H
T

h
t
(3, 0) (0, 1)
(2, 0) (1, 1)
Foe

Figure 3: The normal form of the game in Example 2.
Player 1’s type space just a singleton, and 2’s type is drawn from Θ2 = {Friend, Foe}. Nature selects
θ2 = Friend with probability p. We can draw the extensive form of the extended game, which then allows
us to write down the normal form as in Figure 4.3 We can then easily verify that (H, ht) is a NE if p ≥ 21 ,
and (T, ht) is a NE if p ≤ 12 .

H
T

hh
ht
(3, p)
(3p, 1)
(2, p) (1 + p, 1)

th
(3 − 3p, 0)
(2 − p, 0)

tt
(0, 1 − p)
(1, 1 − p)

Figure 4: The normal form of the extended game in Example 2.
Applying the second paradigm is a bit redundant, but it is important to see alongside the other method.
For this approach, I propose that the following decision rules constitute at BNE if p > 12 :
σ1 = H

h
σ2 (θ2 ) =
t

if θ2 = Friend
if θ2 = Foe

Let’s check that this is in fact a BNE. First, check player 1’s response. Note that

3p + 0(1 − p) = 3p
if s1 = H
E[g1 (s1 , σ2 )] =
2p + 1(1 − p) = 1 + p if s1 = T .
We see that H is a best-response if p > 21 , as desired. Since player 1 has only one type, we are done with
her. Next we check player 2’s responses. If θ2 = Friend, then

1 if s2 = h
E[g2 (s2 , σ1 , θ2 )|θ2 ] =
0 if s2 = t.
3 It is important to note that player 2 has two information sets: one after seeing that he is of type Friend, and the other
after seeing that he is type Foe. He does not observe the strategy of player 1.
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So, h is a best response for this type for any p. Similarly,

0
E[g2 (s2 , σ1 , θ2 )|θ2 ] =
1

if s2 = h
if s2 = t.

when θ2 = Foe, so this type is best-responding as well. This covers all types for player 2, so we are done
with him. Since all types of all players are best-responding, we have a BNE. The cases for p < 21 and p = 12
can be done similarly.
Of course, I am being a bit pedantic with this example, but the point is that the approach is the same
when the game is made much more complex: propose a set of decision rules, and then confirm that each
type of each player is best-responding.
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Problems

Problem 1. A three-player CE. (Based on Osbourne and Rubinstein 48.1)
Consider the 3-player game in Figure 5. Player 1 chooses rows, 2 chooses columns, and 3 chooses matrices.
(a) What are all the possible PSNE payoffs in this game?
(b) Show that there is a correlated equilibrium where 3 chooses B for sure, and 1 and 2 play (T, L) and
(B, R) with equal probabilities.

T
B

L
R
(0, 0, 3) (0, 0, 0)
(1, 0, 0) (0, 0, 0)
A

T
B

L
R
(2, 2, 2) (0, 0, 0)
(0, 0, 0) (2, 2, 2)
B

T
B

L
(0, 0, 0)
(0, 1, 0)
C

R
(0, 0, 0)
(0, 0, 3)

Figure 5: The normal form of the game in Problem 1.
Problem 2. Cournot with uncertain costs. (Problem Bank # 32)
Consider the linear Cournot model. Now, however, suppose that each firm has probability µ of having
unit costs of c and (1 − µ) of having costs d, where d > c. Solve for the Bayesian Nash equilibrium.
Problem 3. Exchange game. (Osbourne Rubinstein 28.1)
Each of two players receives a ticket on which there is a number in some finite subset S of in the interval
[0, 1]. The number on a player’s ticket is the size of a prize that he may receive. The two prizes are independently and identically distributed, with CDF F . Each player is asked independently and simultaneously
whether he wants to exchange his prize for the other player’s prize. If both agree to exchange then the
prizes are exchanged; otherwise each player receives his own prize. Each player’s objective is to maximize
his expected size of the pie.
(a) Model this situation as a Bayesian game.
(b) Show that in any BNE of this game, the highest prize that either player is willing to exchange is the
smallest possible prize.
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Solutions

Solution 1.
(a) One can verify that the pure strategy Nash equilibria are (T, R, A), (B, L, A), (T, R, C), and (B, L, C).
The possible payoffs are (0, 0, 0), (1, 0, 0), and (0, 1, 0).
(b) First, we need to figure out what distribution δ will imply the choices described in the problem.
Since 3 plays B for sure, all the probability mass must be in the middle matrix. Then we know that
P ((T, L, B)) = P ((B, R, B)) = 21 , and the probability of all other outcomes is 0.
Next, let’s verify that the appropriate conditions are satisfied for player 1. Note that if P (s2 = L, s3 =
B|s1 = T, δ) = P (s2 = R, s3 = B|s1 = B, δ) = 1. Thus we find the the following:

2 if s01 = T and s1 = T



0 if s01 = B and s1 = T
E[g1 (s01 , s−1 )|s1 , δ] =
0 if s01 = T and s1 = B



2 if s01 = B and s1 = B
Thus the CE confirmation matrix is
T
B

T
2
0

B
0
2

so clearly player 1’s conditions are satisfied.
The equations for player 2 are identical, so it just remains to check player 3. Note that since δ implies
that only B is played by 3, we only need to check deviations from s3 = B. But note that

 1.5 if s03 = A and s3 = B
0
2
if s03 = B and s3 = B
E[g3 (s3 , s−3 )|s3 , δ] =

1.5 if s03 = C and s3 = B,
so clearly player 3’s conditions check out as well. Thus the proposed profile δ is a correlated equilibrium.
Solution 2.
Note that each player has just two types, parameterized by the possible costs c and d. Thus I propose
decision rules of the following form:
 c
qi
if θi = c
σi (θi ) =
qid if θi = d
for i ∈ {1, 2}. For this to be a BNE, we need both types of both players to be best-responding. Consider first
type θ1 = c, and let us calculate his expected payoff given 2 is playing according to the proposed decision
rule σ2 :


Eθ2 [g1 (q1c , σ2 (θ2 ), θ1 )|θ1 = c] = µ [a − b(q1c + q2c ) − c] q1c + (1 − µ) a − b(q1c + q2d ) − c q1c .
We want to find the q1c that maximizes this payoff, so we take the FOC and solve for q1c , which gets us
q1c =

a − c − µbq2c + (1 − µ)q2d
.
2b

By a similar calculation, we find that the optimal response for 1 when θ1 = d is
q1d =

a − d − µbq2c + (1 − µ)q2d
.
2b
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So far we have been assuming that we know q2c and q2d . Yet note that by the symmetry of the problem,
we must have q1c = q2c = q c and q1d = q2d = q d . This, plus the two equations above, allows us to solve for the
optimal responses q c and q d . With a bit of algebra, we can find that
qc =

a−

1−µ
2 (c

− d) − c

3b
µ
a
−
(d
− c) − d
2
qd =
.
3b

, and

Solution 3.
(a) The strategy space for each player i ∈ {1, 2} is Si = {Exchange, Not Exchange}. The type space for
each player is Θi = {v1 , v2 , . . . , vN }, for some N < ∞, where vn ∈ [0, 1] for all n ∈ {1, . . . , N }. The
distribution F is such that P (θi = vn ) = N1 for all vn . Payoffs are such that

θj if s1 = s2 = Exchange
gi (s1 , s2 , θi ) =
θi otherwise.
(b) Let vmin = minn vn , that is, the lowest possible ticket value. Suppose we have a BNE σ, wherein for
each player i, v̄i is the highest ticket for which that player says Exchange.
Without loss of generality, assume v̄1 > vmin and v̄1 ≥ v̄2 . For this to be a BNE, note that we must
have σ2 (vmin ) = Exchange. Why? If when he has the worst ticket, player 2 does not exchange, he
gets payoff vmin . But since player 1 is trying to exchange a higher ticket value with some positive
1
probability, player 2 gets payoff at least n−1
n vmin + n v̄1 > vmin by saying Exchange.
Given this argument, consider 1’s choice when θ1 = v̄1 . If she does not exchange, she gets payoff v̄1
with certainty. If she exchanges, she gets payoff strictly less than v̄2 ≤ v̄1 in expectation. Thus for this
type to be best responding, we must have σ1 (v̄1 ) = Not Exchange, a contradiction.
Thus we can’t have a BNE with v̄1 > vmin . A symmetric argument rules out v̄2 > vmin . Thus any
BNE must have v̄1 = v̄1 = vmin .
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